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Outline

e Burrows-Wheeler Transform

* Inverting Burrows-Wheeler Transform

* Using BWT for Pattern Matching

* Suffix Arrays

* Approximate Pattern Matching




Text Compression by Run-Length Encoding

* Run-length encoding compresses a run of n identical
symbols:

Text
GGGGGGGGGGCCCCCCCCCCCAAAAAAATTTTTTTTTTTTTTTCCCCCG

10G11C7A15T5C1G
* genomes don’t have lots of runs... but they do have
lots of repeats:

ACTGACCGAAACTGAGTATCCGACTGAAACTGATCAGTACTGACATTGC



|[dea: Converting Repeats to Runs

Genome

How do we do it? l Convert repeats to runs

ConvertedGenome

l Run-length encoding

Compression(ConvertedGenome)



Forming All Cyclic Rotations of Text

panamabananass$ S



Cyclic Rotations

panamabananass$
Spanamabananas



Cyclic Rotations

panamabananass$
Spanamabananas
s$Spanamabanana



Cyclic Rotations

panamabananass$
Spanamabananas
sSpanamabanana
as$panamabanan



Cyclic Rotations

panamabananass$
Spanamabananas
s$Spanamabanana
asS$Spanamabanan
nas$panamabana



Cyclic Rotations

panamabananass$
Spanamabananas
s$Spanamabanana
asS$Spanamabanan
nas$panamabana
anas$panamaban



Cyclic Rotations

panamabananass$
Spanamabananas
s$Spanamabanana
asS$Spanamabanan
nas$panamabana
anas$Spanamaban
nanas$panamaba



Cyclic Rotations

panamabananass$
Spanamabananas
s$Spanamabanana
asS$Spanamabanan
nas$panamabana
anas$Spanamaban
nanasS$Spanamaba
ananas$panamab



Cyclic Rotations

panamabananass$
Spanamabananas
s$Spanamabanana
asS$Spanamabanan
nasSpanamabana
anas$Spanamaban
nanasS$Spanamaba
ananasSpanamab
bananas$panama



Cyclic Rotations

panamabananass$
Spanamabananas
s$Spanamabanana
asS$Spanamabanan
nas$panamabana
anas$Spanamaban
nanasS$Spanamaba
ananasSpanamab
bananasSpanama
abananas$panam



Cyclic Rotations

panamabananass$
Spanamabananas
s$Spanamabanana
asS$Spanamabanan
nas$panamabana
anas$Spanamaban
nanasS$Spanamaba
ananasSpanamab
bananasSpanama
abananas$Spanam
mabananas$pana



Cyclic Rotations

panamabananass$
Spanamabananas
s$Spanamabanana
asS$Spanamabanan
nas$panamabana
anas$Spanamaban
nanasS$Spanamaba
ananasSpanamab
bananasSpanama
abananas$Spanam
mabananasS$pana
amabananas$pan



Cyclic Rotations

panamabananass$
Spanamabananas
s$Spanamabanana
asS$Spanamabanan
nas$panamabana
anas$Spanamaban
nanasS$Spanamaba
ananasSpanamab
bananasSpanama
abananas$Spanam
mabananasS$pana
amabananasS$Span
namabananas$pa



Cyclic Rotations

panamabananass$
Spanamabananas
s$Spanamabanana
asS$Spanamabanan
nas$panamabana
anas$Spanamaban
nanasS$Spanamaba
ananasSpanamab
bananasSpanama
abananas$Spanam
mabananasS$pana
amabananasS$Span
namabananas$pa
anamabananas$p



Cyclic Rotations

panamabananass$
Spanamabananas
s$Spanamabanana
asS$Spanamabanan
nas$panamabana
anas$Spanamaban
nanasS$Spanamaba
ananasSpanamab
bananasSpanama
abananas$Spanam
mabananasS$pana
amabananasS$Span
namabananas$pa
anamabananass$p



Sorting Cyclic Rotations
’/////////%$panamabananas

Sort the strings
lexicographically
(S comes first)



Sorting Cyclic Rotations
e SR

Sort the strings
lexicographically
(S comes first)



Sorting Cyclic Rotations
e SR

amabananasS$Span

Sort the strings
lexicographically
(S comes first)



Sorting Cyclic Rotations
e SR

amabananasS$Span
anamabananassSp

Sort the strings
lexicographically
(S comes first)



Sorting Cyclic Rotations
I

Spanamabananas
abananasSpanam
amabananasS$Span
anamabananassSp
ananasSpanamab

Sort the strings
lexicographically
(S comes first)



Sorting Cyclic Rotations

Spanamabananas
abananasSpanam
amabananasS$Span
anamabananassSp
ananasSpanamab
anasSpanamaban
as$Spanamabanan
bananas$panama
mabananasS$Spana
namabananasS$Spa
nanasSpanamaba
nassSpanamabana
panamabananass$
sSs$Spanamabanana

Sort the strings
lexicographically
(S comes first)



BWT(panamabananasS)=smnpbnnaaaaaSa

TR 7 B0 R B R T I = = O o i o B = B~ B )

All cyclic rotations of Burrows-Wheeler Transform (BWT):
“panamabananasS” Last column = smnpbnnaaaaa$a



BWT(panamabananasS)=smnpbnnaaaaaSa

P LroO P PP B3 B D0DCB B0

All cyclic rotations of Burrows-Wheeler Transform (BWT):
“panamabananasS” Last column = smnpbnnaaaaa$a



Applying BWT to
the Double Helix Paper by Watson&Crick

d Corey (1). They kindly made their manuscript availa ......
nd criticism, especially on interatomic distances. We ......
nd cytosine. The sequence of bases on a single chain d ......
nd experimentally (3,4) that the ratio of the amounts o ......
nd for this reason we shall not comment on it. We wish ......
nd guanine (purine) with cytosine (pyrimidine). In oth ......
nd ideas of Dr. M. H. F. Wilkins, Dr. R. E. Franklin ......
nd its water content is rather high. At lower water co ......
nd pyrimidine bases. The planes of the bases are perpe ......
nd stereochemical arguments. It has not escaped our no ......
nd that only specific pairs of bases can bond together ......
nd the atoms near it is close to Furberg’s ’standard co ......
nd the bases on the inside, linked together by hydrogen ......
nd the bases on the outside. 1In our opinion, this stru ......
nd the other a pyrimidine for bonding to occur. The hy ......
nd the phosphates on the outside. The configuration of ......
nd the ration of guanine to cytosine, are always very c ......
nd the same axis (see diagram). We have made the usual ......
nd their co-workers at King’s College, London. One of ......

“and” is a frequent repeat in English texts



Going Back From BWT(Genome) to
Genome

Genome
IS IT EVEN POSSIBLE? Tl Convert repeats to runs
BWT(Genome)

EASY Tl Run-length encoding

Compression(BWT(Genome))



Outline

* Burrows-Wheeler Transform

* Inverting Burrows-Wheeler Transform

* Using BWT for Pattern Matching

* Suffix Arrays

* Approximate Pattern Matching




Reconstructing banana from
annb$aa

[\ TR\ 72 20 o = = B\



Reconstructing banana
$

5B Boo o E
[\ TR\ 72 20 o = = B\

* Sorting all elements of “annbSaa” gives first column
of BWT matrix.



Reconstructing banana

$ as
na
na
ba
2-mers Sb
an

an

5B Boo o E
[\ TR\ 72 20 o = = B\

* We now know 2-mer composition of the circular
string bananas$



Reconstructing banana

$ a as $b
a n na as
a n na an
a b - ba 5 an
b S 2-mers Sb Sort ba
n a an na
n a an na

* We now know 2-mer composition of the circular
string bananas$

 Sorting gives us the first 2 columns of the matrix.



Reconstructing banana

Sb a as Sb
as n na as
an n na an
an b - ba SN an
ba S 2-mers Sb Sort ba
na a an na
na a an na

* We now know 2-mer composition of the circular
string bananas$

 Sorting gives us the first 2 columns of the matrix.



Reconstructing banana

Sb a
as n
an n
an b
ba S
na a
na a



Reconstructing banana

$b a ashb
as n nas
an n nan
an b - ban
ba S 3-mers Sba
na a ana
na a ana

* We now know 3-mer composition of the circular
string bananas$



Reconstructing banana

$b a ashb Sba
as n nas asb
an n nan ana
an b - ban SN ana
ba $ 3-mers Sba Sort ban
na a ana nas
na a ana nan

* We now know 3-mer composition of the circular
string bananas$

 Sorting gives us the first 3 columns of the matrix.



Reconstructing banana

Sba a ashb Sba
aS$Shb n nas as$Shb
ana n nan ana
ana b - ban N ana
ban S 3-mers Sba Sort ban
na$ a ana na$
nan a ana nan

* We now know 3-mer composition of the circular
string bananas$

 Sorting gives us the first 3 columns of the matrix.



Reconstructing banana

Sba
as$Shb
ana
ana
ban
na$
nan

[\ TR\ 72 20 o = = B\



Reconstructing banana

$ba a asSba
as$Shb n nasSb
ana n nana
ana b N bana
ban $ 4-mers Sban
na$ a anas
nan a anan

* We now know 4-mer composition of the circular
string bananas$



Reconstructing banana

Sba
as$Shb
ana
ana
ban
na$
nan

[\ TR\ 72 20 o = = B\

4-mers

asSba
nashb
nana
bana
Sban
anas
anan

Sort

Sban
asSba
anas
anan
bana
nashb
nana

* We now know 4-mer composition of the circular
string bananas$

 Sorting gives us the first 4 columns of the matrix.



Reconstructing banana

Sbanana asba Sban
aSba n nashb aSba
ana$ n nana ana$
anan b - bana - anan
bananz=$8 4-mers Sban Sort bana
na$b a anas naS$Sb
nanaSha anan nana

* We now know 4-mer composition of the circular
string bananas$

 Sorting gives us the first 4 columns of the matrix.



Reconstructing banana

Sban
aSba
ana$
anan
bana
naS$b
nana

[\ TR\ 72 20 o = = B\



Reconstructing banana

Sban a aSban
aSba n naSba
ana$ n nanas
anan b - banan
banan=$ 5-mers Sbana
na$b a anashb
nana‘ba anana

* We now know 5-mer composition of the circular
string bananas$



Reconstructing banana

Sban
aSba
ana$
anan
bana
na$hb
nana

5-mers

[\ TR\ 72 20 o = = B\

aSban
nasSba
nanas
banan
Sbana
anasSb
anana

Sort

Sbana
aSban
anasSb
anana
banan
nasSba
nanas

* We now know 5-mer composition of the circular

string bananas$

 Sorting gives us the first 5 columns of the matrix.



Reconstructing banana

Sbanana asSban Sbana
aSbanan naSba aSban
ana$Sban nanas ana$hb
ananashb - banan N anana
banan:=$ 5-mers $Sbana Sort banan
na$Sbana anasb na$ba
nana$ha anana nana$

* We now know 5-mer composition of the circular
string bananas$

 Sorting gives us the first 5 columns of the matrix.



Reconstructing banana

Sbana
aSban
anaS$Shb
anana
banan
naS$Sba
nana$

[\ TR\ 72 20 o = = B\



Reconstructing banana

Sbanana aS$Sbana
aSban-n nasSban
ana$b-n nanas$hb
anana‘ b - banana
banan-$ 6-mers Sbanan
na$bana anas$ba
nana$ha ananas

* We now know 6-mer composition of the circular
string bananas$



Reconstructing banana

Sbana
aSban
anaS$Shb
anana
banan
naS$Sba
nana$

6-mers

[\ TR\ 72 20 o = = B\

aSbana
nasSban
nana$b
banana
Sbanan
anasSba
ananas

—>
Sort

Sbanan
aSbana
anasSba
ananas
banana
nasSban
nanas$b

* We now know 6-mer composition of the circular

string bananas$

 Sorting gives us the first 6 columns of the matrix.



Reconstructing banana

Sbanana
aSbanan
ana$ban
anana$hb
banana$
na$Sbana
nana$Sba

6-mers

aSbana
nasSban
nana$b
banana
Sbanan
anasSba
ananas

—>
Sort

Sbanan
aSbana
ana$ba
ananas$
banana
na$ban
nana$b

* We now know 6-mer composition of the circular

string bananas$

 Sorting gives us the first 6 columns of the matrix.



Reconstructing banana

Sbanana
aSbanan
ana$ban
anana$hb
banana$
na$Sbana
nana$Sba

e We now know the entire matrix!



Reconstructing banana

Sbanana

 We now know the entire matrix!

* Symbols in the first row (after $) spell banana.



More Memory Issues

e Reconstructing Text from BWT(Text) required us to
store | Text| cyclic rotations of | Text|.

Sbanana
aSbanan
anas$ban
ananas$hbh
bananas$
nasSbana
nanas$Sba

e Can we invert BWT(Text) with less space and without
| Text| rounds of sorting?



A Strange Observation

n g8 a 00 g o ©®©© © @ Yr ©
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A Strange Observation

n g c 90 accm® o d ©vrd
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A Strange Observation

Wher

is first
agr - $ s
hmmgcymnanas$panam
inside © &
the E
circle? n
n

ananas$panama

w'o B3B8 B8 309 99w

@ »roY O v W



A Strange Observation

Wher
is first

N

d

hiding @oananas$panam
a

inside
the
circle?

$ s

n

P
b Where
N js first

n “u_n
d

ananas$panan@hiding

inside
the

circle?

w'o B3B8 B8 309 99w
Q

O oY O W



They Are Hiding at the Same Position!

S

a

w'o B3B8 B8 309 99w

S $ p a
@oananas$panam
& S
p
b
n a
n
ananas$panarr@
2 n
a
a
a a
$
a n b
a

15t ain FirstColumn and 15t a in LastColumn
are hiding at the same position along the cycle!



Another Strange Observation

$ s p

a m ? a

@nabananas$pan S

a o

a b

a n a

a n

b a

mabananas$par@ n

n a

n a

n a a

P $

S a n b
a

29 3 in FirstColumn and 2" a in LastColumn
are hiding at the same position along the cycle!



Another Strange Observation

S S

a m ?
a n 3
anamabananass$Sp

a b

a n a

a n

b a

m a n
namabananas$pa

n a

n a a

p S

S a n



Another Strange Observation

S S

a m ?
a n 3

a P
ananas$panamab

a n a

a n

b a

m a n

n a
nanassSpanamaba

n a a

p S

S a n



Another Strange Observation

$ s P
a m ?
a n S

a o

a b
anas$panamaban a

a n

b a

m a n

n a

n a
nas$panamabana

P S

S a n



Another Strange Observation

S S

a m ?
a n S

a o

a b

a n
asSpanamabanan

b a

m a n

n a

n a

n a a

P S
s$panamabanana n



Another Strange Observation

n g a8 40688 © © o © CYvr ©

vr @ © © © © © . Q g & e 9 m



s It True in General?

$ S
abananasSpanam
amabananasS$Span
anamabananas$p
ananasSpanamab
anasSpanamaban
as$panamabanan
b a

o L1 WD R

w'o B3B8 53
v »r O Y W

These strings are sorted



s It True in General?

o L1 WD R

S

S

abananasSpanam
amabananasS$Span
anamabananas$p
ananasSpanamab
anasSpanamaban
as$panamabanan

b

w'o B3B8 53

a

@ oY O o W

These strings are sorted

/

Chop off a

bananasSpanam
mabananasSpan
namabananass$p
nanasS$panamab
nasSpanamaban
s$Spanamabanan



s It True in General?

o L1 WD R

S

S

abananasSpanam
amabananasS$Span
anamabananas$p
ananasSpanamab
anasSpanamaban
as$panamabanan

b

w'o B3B8 53

a

@ oY O o W

These strings are sorted

/

Chop off a

bananasSpanam
mabananasSpan
namabananass$p
nanasS$panamab
nasSpanamaban
s$Spanamabanan

Still
sorted



s It True in General?

o L1 WD R

$ S
abananasSpanam
amabananasS$Span
anamabananas$p
ananasSpanamab
anasSpanamaban
as$panamabanan
b a

w'o B3B8 53
v »r O Y W

These strings are sorted

/

Chop off a

bananasSpanam
mabananasSpan
namabananass$p
nanasS$panamab
nasSpanamaban
s$Spanamabanan

Add a
to end

bananas$Spanama
mabananasSpana
namabananas$pa
nanasS$panamaba
nasS$Spanamabana
s$Spanamabanana

Still
sorted



s It True in General?

S S
1 abananas$panam Still
2 amabananas$pan sorted
3 anamabananas$Sp /////2
4 ananas$panamab Chopoffa
5 anas$panamaban
6 asSpanamabanan Add a
D a to end
m a
n a
n a bananas$Spanama
n a mabananasSpana
D S namabananasSpa  Still
< 3 nanasspanamaba gsorted

nasS$Spanamabana

These strings are sorted sypanamapanana



s It True in General?

o L1 WD R

p o ©»

a

S5 OO0 B8 3 W0

n

bananasSpanama
mabananasSpana
namabananas$pa
nanasS$Spanamaba
nas$panamabana

P

S

s$Spanamabanana

These strings are sorted

Still
/ sorted
Chop off a
Add a
L to end
2
3 \
4 bananas$Spanama
5 R\\\\\\\mabananas$pana
namabananasS$pa  Still
6 nanasSpanamaba gorted
R\\\\\\\nas$panamabana
Ordering sSpanamabanana
doesn’t

change!



First-Last Property

* the k-th occurrence of symbol in
FirstColumn

* and the k-th occurrence of symbol in
LastColumn

 correspond to appearance of symbol
at the same position in Text.

a;n,a,m a,b,a,n,a;n;a;s;$,



Inverting BWT Again

$1 S 1
a mq
a n,
a 3 b1
ay b,
a5 n,
a ¢ I 3
b, a
m, a
n, a3
n, ay
3 a5
P S



Inverting BWT Again

$1 S1
a mq
a n,
a 3 b1
ay b,
a5 n,
a ¢ I 3
b, a
m, a
n, a3
n, ay
3 a5
P S



Inverting BWT Again




Inverting BWT Again

S S 1
a mq
a n,
a 3 b1
ay b,
a5 n, a
a ¢ I 3
b, a
m, a
n, a3
n, ay
3 a5
P S



Inverting BWT Again

S S 1
a mq
a n,
a 3 b1
ay b,
a5 n, a
ag s
b, a
m, a
n, a3
n, ay
3 a5
P S



Inverting BWT Again

S S 1
a mq
a n,
a 3 b1
ay b,
a5 n, a
ag nj
b, a
m, a n
n, a3
n, ay
3 a5
P S



Inverting BWT Again

S S 1
a mq
a n,
a 3 b1
ay b,
a5 n, a
a ¢ g
b, a
m, a n
n, a3
n, ay
nj a5
P S



Inverting BWT Again

S S 1
a mq
a n,
a 3 b1
ay b,
a5 n, a
a ¢ I 3
b, a
m, a n
n, a3
n, ay
nj as
P S



Inverting BWT Again

S S 1
a mq
a n,
a 3 b1
ay b,
as n, a
a ¢ I 3
b, a
ml a2 n
n, a3
n, ay
3 as
P S



Inverting BWT Again

S S 1
a mq
a n,
a 3 b1
ay b,
as n, a
a ¢ I 3
b, a
ml a2 n
n, a3
n, ay
3 a5
P S



Inverting BWT Again

S S 1
a mq
a n,
a 3 b1
ay b,
a5 n, a
a ¢ I 3
b, a
ml a2 n
n, a3
n, Ay
3 a5
P S



Inverting BWT Again

S S 1
a mq
a n,
a 3 b1
ay b,
a5 n, a
a ¢ I 3
b, a
ml a2 n
n, a3
n, a,
3 a5
P S



$,panamabananas;
a;bananasSpanam;,
a,mabananas$pan;
as;namabananassSp;
anasS$panamab;,

b,anana panama;
m,abanana pana,

n,anass$panamaba,
niasspanamabanas
p,anamabananas$;
s;$panamabananag



$,panamabananas;
a;bananasSpanam;,
a,mabananas$pan;
as;namabananassSp;
a,nanasSpanamab,
asnasspanamaban,
a,SsSpanamabanany
b,ananasS$panama;
m,abananasS$Spana,
namabananas$Spas,
n,anasspanamaba,
niasspanamabanas
p,anamabananas$;
s;$panamabananag



Inverting BWT Again

S S 1
a mq
a n,
a 3 b1
ay b,
a/nz a
a ¢ I 3
b a
ml a2 n
n, a3
n, ay
3 a5
P S



Inverting BWT Again

S S 1
a mq
a n,
a 3 b1
ay b,
a5 n, a
a ¢ I 3
b, aj;
ml a2 n
n, a3
n, ay
3 a5
P S



Inverting BWT Again

S S 1
a; mq
a n,
a 3 b1
ay b,
a5 n, a
a ¢ I 3
b, aj;
ml a2 n
n, a3
n, ay
3 a5
P S



Inverting BWT Again

S S 1
a; m,
a n,
a 3 b1
ay b,
a5 n, a
a ¢ I 3
b, a
ml a2 n
n, a3
n, ay
3 a5
P S



Inverting BWT Again

S S 1
a m,
a n,
a 3 b1
ay b,
a5 n, a
a ¢ I 3
b, a
m1 a2 n
n, a3
n, ay
3 a5
P S



Inverting BWT Again

S S 1
a mq
a n,
a 3 b1
ay b,
a5 n, a
a ¢ I 3
b, a
m1 a'2 n
n, a3
n, ay
3 a5
P S



Inverting BWT Again

S S 1
a mq
a n,
a 3 b1
ay b,
a5 n, a
a ¢ I 3
b, a
ml a'2 n
n, a3
n, ay
3 a5
P S



Inverting BWT Again

S S 1
a mq
a, n,
a 3 b1
ay b,
a5 n, a
a ¢ I 3
b, a
ml a2 n
n, a3
n, ay
3 a5
P S



Inverting BWT Again

S S
a, m 4
a, n,
a3 IS
a b,
ds Ny a
a . n,
b, a;
m a, n
n} a,
n, a,
N, a-c
P 51



Inverting BWT Again

S S 1
a mq
a n,
a 3 b1
ay b,
a5 n, a
a ¢ I 3
b, a
ml a2 n
n, asj
n, ay
3 a5
P S



Inverting BWT Again

S S 1
a mq
a n,
a |
ay b,
a5 n, a
a ¢ I 3
b, a
ml a2 n
n, aj
n, ay
3 a5
P S



Inverting BWT Again

S S 1
a mq
a n,
aj P
ay b,
a5 n, a
a ¢ I 3
b, a
ml a2 n
n, a3
n, ay
3 a5
P S



Inverting BWT Again

S S 1
a mq
a n,
a 3 P
ay b,
a5 n, a
a ¢ I 3
b, a
ml a2 n
n, a3
n, ay
3 a5
P S



We Are Done!



This Was Fast!

S S 1
a, m 4
a n,
a / P
ay b,
a. "/»( n,
a ¢ ’6(4" I 3
b (O"".“‘ aq
m ’," a
nj a3
iy N
s a5
P S
S 1 ag

* Memory: 2| Text|
* Time: O(| Text|)



Outline

* Burrows-Wheeler Transform

* Inverting Burrows-Wheeler Transform

e Using BWT for Pattern Matching

* Suffix Arrays

* Approximate Pattern Matching




Back to Pattern Matching

 Suffix Tree Pattern Matching:
e Runtime: O(|Text| + | Patterns|)
 Memory: 20° | Text |

For human genome:
o |Text|=3*10° o~ i
8 /
* Can we use BWT(Text) to design a more memory
efficient linear-time algorithm for Multiple Pattern
Matching?




Finding Pattern Matches Using BWT

* Searching for ana in panamabananas

S S 1
a mq
a n,
asna <3
a,na b,
a:na n,
dg s
b, a
m, a
n, a3
n, a g
N 3 a5
P S



Lets Start by Matching the Last Symbol (a)

* Searching for ana in panamabananas

S S 1
a; m 4
a, n,
aj P
agy b,
as n,
ag s
b, a
m, a
n, a3
n, a g
N 3 a5
P S



Matching the Last Two Symbols (na)

* Searching for ana in panamabananas

S S 1
a; m,
a, n,
aj P
agy b,
as n,
ag nj
b, a
m, a
n, a3
n, a g
N 3 a5
P S



Three Matches of na Found!

* Searching for ana in panamabananas

S Sq
a; m 4
a, n,
as P
ay b,
as n,
g nj
b aq
m 4 a,
n;y a3
n a,
n a-:
P $1



Three Matches of na Found!

* Searching for ana in panamabananas

S S 1
a mq
a n,
a3 P
ay b,
a g n,
dg nj
b, a
m, a
n, a3
n, a 4
nj a5
P S



Three Matches of na Found!

* Searching for ana in panamabananas

S Sq
a; m 4
a, n;,
as P
ay b,
ads n,
dg ns
b aq
m 4 a,
n,;a a s
n,a a,
n,;a a-c
P $1



Matching ana

' bananas
e Searching for ana in panama

S 1
$ 4 o
a, o
a, o
a bl
a gy o
ds o
S .
b, .
m, :
n,a -
n,a %
ni;a $l
P



Three Matches of ana Found!

* Searching for ana in panamabananas

S S 1
a mq
a n,
asna <3
a,na b,
a:na n,
dg s
b, a
m, a
n, a3
n, a g
N 3 a5
P S



Searching for ana using top and bottom pointers

ana ana
L S S1|~. S S1
top a, m, Tha % a, m, |,
ay n, a; @
aj P1 as P1
Ay b, a, b,
ds N, 6 ag n;
dg nj A ¢ @
b, a; /l o} aq
m, a, ! my )
;
n, a, 5 n, as
n, a, I,’ n, a,
Nns as ,'I ni as
13 1 S ,'I P1 4
—s|sy agl| ' S, ag
bottom

topIndex <« first position of symbol among positions from top to bottom
in LastColumn
bottomlIndex < last position of symbol among positions from top to
bottom in LastColumn



BWMatching

BWMATCHING(FirstColumn, LastColumn, Pattern, LASTTOFIRST)
top < 0
bottom + |LastColumn| — 1
while top < bottom
if Pattern is nonempty
symbol + last letter in Pattern
remove last letter from Pattern
if positions from top to bottom in LastColumn contain symbol
toplndex <+ first position of symbol among positions from top to bottom
in LastColumn
bottomIndex + last position of symbol among positions from top to
bottom in LastColumn
top < LASTTOFIRST(toplIndex)
bottom + LASTTOFIRST(bottomIndex)
else
return O
else
return bottom — top + 1

Given a symbol at position index in LastColumn,
LastToFirst(index) defines the position of this symbol in FirstColumn



BWMatching is slow:

it analyzes every symbol from top to bottom in each step!

ana ana ana ana

L S, Sil~o_ 51 S1 51 S1 1 S1

top a, m; [ " % a, my) a, m, a, m,

a, n, a, ny a, n, 3 |22 n,

as IS as P\ as P A ——>|azna IS

a, b, a, by a, b, / 5 |22 b,

as n, 5 |2 n, \ as n, ,//,\ —_sl|agna n,

A Ny A—>| 36 N3 \ ds ny| / 2 N3

b, a, / b, | \ b, ap| / b, aq

m; a, ! m; ag ™, \\ 9 |M™ a, ,’I J m; a,

Ny as| Ny as|l N Y—>|n;a as|/ [/ Ny as

n, a, n, a, \\\ 1 |2 a,|/ n, a,

o as| N, ac N _~~5|n;a ag |’ N, as

13 P1 S ,'I P 4 P1 Sy P1 Sq

s lsy agl’ S; ag Sq ag S, ae
bottom

if positions from top to bottom in LastColumn contain symbol

topIndex < first position of symbol among positions from top to bottom

in LastColumn
bottomIndex < last position of symbol among positions from top to
bottom in LastColumn




Introducing Count Array

i FirstColumn LastColumn  LASTTOFIRST(i) COUNT

$ a bmnp s
0 $1 S1 13 O OO0 O0O0O0PO
1 a; my 8 000O00O0O0 1
2 ar nq 9 O OO0 1T OO0 1
3 as Py 12 O 001101
-+ ag by 7 O 00O T1TT1TT11
5 as ns 10 OO0 1T 1T 111
6 as ns 11 Oo01T 1T 2 11
7 by ai 1 O 01T 1T 3 11
8 my dp 2 o111 3 11
9 ng d3 3 02113 11
10 n, ay 4 0311311
11 ns dg 5 04113 11
12 o $1 0 O51 1311
13 S1 as 6 1T 51T 1T 3 1 1

16 1 1 3 1 1

Count,,.,. (i, LastColumn):

#occurrences of symbol in the first i positions of LastColumn



BetterBWMatching

BETTERBWMATCHING(FIRSTOCCURRENCE, LastColumn, Pattern, COUNT)

top < 0

bottom < |LastColumn| — 1

while top < bottom

if Pattern is nonempty

symbol + last letter in Pattern
remove last letter from Pattern
top — FIRSTOCCURRENCE (symbol) + COUNTg, 0 (top, LastColumn)
bottom <— FIRSTOCCURRENCE (symbol) + COUNT g, np0 (bottom + 1,

LastColumn) — 1 |
BUONPORMATISS ALGORITRMS !,\
!

else A0 Active Learning Apprapey
return bottom — top + 1

—

return

www.bioinformaticsalgorithms.org



Where Are the Matches?

 We know that ana occurs 3
times, but where does ana
appear in Text???



Outline

* Burrows-Wheeler Transform

* Inverting Burrows-Wheeler Transform

* Using BWT for Pattern Matching

e Suffix Arrays

* Approximate Pattern Matching




Where Are the Matches?

* Suffix array holds starting S,
position of each suffix a;



Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

13




Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

abananas$

31

a,bananas$



Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

amabananas$

ol

31
a,bananas$
a,mabananas$



Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

anamabananas$

= W O W

31

a,bananas$
a,mabananas$
a;namabananass$



Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

ananas$

<~ W 01 W

31

a,bananas$
a,mabananas$
a;namabananass$
a,nanass$



Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

anass$

O J = W O W

31

a,bananas$
a,mabananas$
a;namabananass$
a,nanass$
a.nass$



Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

as$

P O J = W O W

31

a,bananas$
a,mabananas$
a;namabananass$
a,nanass$
a.nass$

acgs$



Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

bananas$

H

H
O B W J = W o W

31

a,bananas$
a,mabananas$
a;namabananass$
a,nanass$
a.nass$

acgs$

b,ananas$



Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

mabananass$

H

H
~ oy O Jd B W o W

31

a,bananas$
a,mabananas$
a;namabananass$
a,nanass$
a.nass$

acgs$

b,ananas$
m,abananasS$



Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

namabananas$

H

H
N OO O JdJBF W O W

31

a,bananas$
a,mabananas$
a;namabananass$
a,nanass$
a.nass$

acgs$
b,ananas$
m,abananasS$
n,amabananas$
N

N3

P

S



Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

nanass$

o N PO EHE O JdBFE W o W

31

a,bananas$
a,mabananas$
a;namabananass$
a,nanass$
a.nass$

acgs$
b,ananas$
m,abananasS$
n,amabananas$
n,anas$

N3

P

S



Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

nas$

= =

SO NP~ oyHE O JdBFE W oW

|_\

31

a,bananas$
a,mabananas$
a;namabananass$
a,nanass$
a.nass$

acgs$
b,ananas$
m,abananasS$
n,amabananas$
n,anas$

n;as$

P

S



Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

panamabananas$

H

= =
O O WND_OKF O JF WU W

31

a,bananas$
a,mabananas$
a;namabananass$
a,nanass$
a.nass$

acgs$

b,ananas$
m,abananasS$
n,amabananas$
n,anas$

n;as$
p,anamabananas$,
S 1



Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

H

H

|_\
N OO o N PdOHE O JF WO W

o

31

a,bananas$
a,mabananas$
a;namabananass$
a,nanass$
a.nass$

acgs$

b,ananas$
m,abananasS$
n,amabananas$
n,anas$

n;as$
p,anamabananas$,

s,9



Suffix Array

 Suffix array: holds starting
position of each suffix
beginning
a row.

= =
N O O 00N OYRF O R WO W

|_\

o




Using the Suffix Array to Find Matches

S S

a my

a Iy

* Thus, ana occurs at 1 ajna <N
positions 1, 7, 9: 7 a,na Py
9 agna n,

¢ a g Ny
panamabananass$ ! 21
m, a

4 a 3

N, a4

T 1 o ..
P S

S 1 d g

Naive algorithm for constructing suffix array (sorting all suffixes of Text)
O(|Text|® log| Text|) comparisons



Crom Suffix

ree to Suffix Array:

Depth-First

[13@3

raversal

11 12

1 7 9 11 6 4 2 8 10 0 12]



From Suffix Tree to Suffix Array:
Depth-First Traversal

11 12

[135@17911642810012]



From Suffix Tree to Suffix Array:
Depth-First Traversal

11 12

e

@ 7 o 2> 8 10

[1353@7911642810012]



From Suffix Tree to Suffix Array

11 12
3 Q

1@9 2 8 10

[13531@911642810012]



From Suffix Tree to Suffix Array

11 12

[135317@11642810012]



From Suffix Tree to Suffix Array

@ 12

[1353179@642810012]



From Suffix Tree to Suffix Array

11 12

[135317911@42810012]



From Suffix Tree to Suffix Array

11 12

[1353179116@2810012]



From Suffix Tree to Suffix Array

11 12

1 7 9 @810

[13531791164@810012]



From Suffix Tree to Suffix Array

11 12

1 7 9 2 (8 10

[13531791164210012]



From Suffix Tree to Suffix Array

11 12

17 9 2 8 (19

[1353179116428012]



From Suffix Tree to Suffix Array

11 12

3
6 4 ©

[135317911642810@12]



From Suffix Tree to Suffix Array

11 @

[1353179116428100@



Constructing Suffix Array

* Depth-first traversal of suffix tree
e O(|Text|) time and ~20¢ | Text| space

* Manber-Myers algorithm (1990):
 O(|Text|) time and ~4¢ | Text| space

* But memory footprint is still large for human genome!

We will learn how to quickly construct suffix array
without relying on suffix tree later in this course




Reducing Memory Footprint for Suffix Array

H

e Can we store only a fraction of the suffix array
but still do fast pattern matching?

|_\

|_\
N OO O NPdOHE O JF WO W

|_\




Reducing Memory Footprint for Suffix Array

e Can we store only a fraction of the suffix array
but still do fast pattern matching? 5

* Partial suffix array SuffixArray,(Text) only
contains values that are multiples of some
integer K




Using the Suffix Array to Find Matches

suffix
array
S S
a, m 4
a, n,
asna P, 1
a,na b 7
asna n, 9
ag N,
b, a
m, a,
n, a,
n, a,
N, as
P 1



Using the Partial Suffix Array to Find
Matches

partial
suffix
array

S S

a Im 4 5

a n,

azna Pl

a,na b

azna n,

a . N,

b, a

m a,

n, a s

n, a,

N 4 a g 10

<3 S 0



Using the Partial Suffix Array to Find
Matches

partial
suffix
array

S S

a, m 5

ay ny

azna | S

a,na b, Where are these ana prefixes located in Text???

azna n,

d g 3

b, a

m, a,

n, a 4

n, a,

N, a g 10

P S 0



Focus on a,na

partial
suffix
array

S S 1

a g m, 5

a n,

ajzlla |98

a,na b, Whereisa,na?

a;na n,

dg s

b, S

mq a

n, a3

ny a4

n; a s 10

I S 0



Focus on b,ana

Where isb,ana?

partial
suffix
array



Focus on a,bana

Whereisa,pana?

partial
suffix
array



Partial suffix array reveals position of
a,;bana

partial
suffix
array

a,pbana is at position 5 @

a,na isat position 7 @

b,ana is at position 6 @




Outline

* Burrows-Wheeler Transform

* Inverting Burrows-Wheeler Transform

* Using BWT for Pattern Matching

* Suffix Arrays

e Approximate Pattern Matching




Returning to Search for Mutations

* Approximate Pattern Matching Problem:
* Input: A string Pattern, a string Text, and an integer d.

* Output: All positions in Text where the string Pattern
appears as a substring with at most d mismatches.



Revealing Mutations by Analyzing
Billions of Reads

* Multiple Approximate Pattern Matching Problem
* Input: A set of strings Patterns, a string Text, and an integer d.

* Output: All positions in Text where a string from Patterns appears
as a substring with at most d mismatches.



BWT Saves the Day Again

* searching for ana in panamabananas

S S 1
a mq
a n,
a3 P
ay b,
a g n,
dg s
b, a
m, a
n, a3
n, a g
N 3 a5
P S



BWT Saves the Day Again

* searching for ana in panamabananas

S S 1
a; m 4
a, n,
aj P
agy b,
as n,
ag s
b, a
m, a
n, a3
n, a g
N 3 a5
P S



BWT Saves the Day Again

* searching for ana in panamabananas

S S 1
aj m,
B2 0]
23 P Exact matching
a, b,
a . n,
ETrerererereny
b, a
my ay
n, a3
n, ay
I3 a5
P S



BWT Pattern Matching with 1

Mismatch

* searching for ana in panamabananas

To allow for 1 mismatch,
we need to analyze the
rows ending in red
letters as well.

S S 1
a; m,
a, n,
aj P
agy b,
as n,
ag n 3
b, a
m, a
n, a3
n, a g
N 3 a5
P S
S 1 d g

Approximate matching
with at most 1 mismatch



BWT Pattern Matching with 1
Mismatch

* searching for ana in panamabananas

# Mismatches

S S 1
. a m 1

To allow for 1 mismatch, ' :
a, n, 0
we need to analyze the a, P, 1
rows ending in red 3, by 1
ag n, 0
letters as well. a. n, 0

b, a

m, a

n, a3

n, a4

N, as

P S



BWT Pattern Matching with 1
Mismatch

* searching for ana in panamabananas

# Mismatches

S S
a, m, 1
Now we analyze all a, n, 0
rows with at most 1 a, P, 1
mismatch using the 3, b, -
First-Last propert 2 " 0
prop Y. a; ni 0

b, a q

m, a,

n, a 3

n, a 4

103! d 5

L1 S



BWT Pattern Matching with 1
Mismatch

* searching for ana in panamabananas

# Mismatches

Now we analyze all
rows with at most 1
mismatch using the
First-Last property.

o
=
OO r O

1
a
a
a3
a g
a g
a g
b,
m,
n,;
n,
nj
P
S



BWT Pattern Matching with 1
Mismatch

* searching for ana in panamabananas

# Mismatches

Now we analyze all
rows with at most 1
mismatch using the
First-Last property.

@
NN
O OO kK K

1
a
a
a3
a g
a g
a g
b,
m,
n,;
n,
nj
P
S



BWT Pattern Matching with 1
Mismatch

* searching for ana in panamabananas

# Mismatches

S S 1

a m 4

a n,

a3 P

a g b,

a g n,

a g s

b,a a; 1

m,a a, 1

n,a a, 0

n,a a, 0
This row results in a n,a a. 0
2nd mismatch (the S), [ Pp.2 S 2 |

S 1 d g

so we discard it.



Five Approximate Matches Found!

* searching for ana in panamabananas

# Mismatches

S S 1
a,ba m T
a,ma n, 1
asna <3 0
a,na b, 0
a;na n, 0
ag Ny
b, a
m 4 a,
n, aj
n, a,
Ny as
P $1



Where Are The Matches?

* searching for ana in panamabananas

Suffix Array
S S 1
a;ba m - 5
a,ma n, 3
as;na <3 1
a,na b, 7
a:na n, 9
ag Ny
b, a
m, a
n, a3
n, a4
I3 d s
P S



top=1

——> a,bananas$panam, -
a;mabananasfpam, | f
a;namabananas$p, ¥,
a,nanas§panamab, ¥/ N

asa

$;panamabananas,;

a;nas$panamaban, 1

ags$panamabanan;

b,ananas$panama,
mabananas$pana,
nyamabananas$pa,
m,anas$panamaba,
njas$panamabana
pianamabananas$;
5, $panamabanana,

—_—
bottom =12

dasa

$,panamabananas;
abananas$panamy
a,mabananas$pan;
aznamabananas$py
a,nanas$panamaby
asnas$panamaban,
ags$panamabanany
byananas$panama,
m,abananas$pana,
mamabananas$pa,
manas§panamaba,
nyas$panamabanag
pyanamabananas$,
s, fpanamabanana,

$,panamabananas;
abananas$panam,
a,mabananas§pany
a;namabananas$p,
agnanas$panamaby
a;nas$panamaban,
ags$panamabanang
byananas$panama;
m,abananas$pana,
n,amabananas$pag
m,anas$panamaba,
ngas$panamabanas
pyanamabananas$,
8,$panamabanana,

$,panamabananas,
a,bananas$panam;
a;mabananas$pan,
aynamabananas$py
a,nanas$panamab,
asnas$panamaban,
dgsipanamabanan,
byananas §panama,
m,abananas$pana,
nmyamabananas$pa;
manasfpanamaba,
n;asfpanamabanag
manamabananas$,
5;$panamabananag

$ipanamabananas;
abananas$panamy
a,mabananas$pan,
agnamabananas$py
agnanasppanamab,
asnas$panamaban,
ags$panamabanang
b, ananas$panama,
myabananas$pana,
mamabananas$pa,
myanas§panamaba,
ngas$panamabana;
pyanamabananas$;
s, fpanamabanana,

top =2
bottom =2
top =3
_—
—>
bottom =5
2 mismatches

fop=1 $,panamabananas;
—> a,bananas$panam
bottom =1 a,mabananasipany

agnamabananas$p,
a,nanas$panamab,
a;nas$panamaban,
agsfpanamabanan,
b,ananas$panama,
m,abananas$pana,
nyamabananas$pag
myanasipanamaba,
nzas$panamabana,
pyanamabananas$,
8,$panamabananag

$,panamabananas;
a,bananas$panam,
a;mabananas$pan
a;namabananas$py
ananasfpanamaby
a;nas$panamaban,
ags$panamabanang
b;ananas$panama,
myabananas$pana,
n amabananas$pag
nyanas$panamaba,
nyas§panamabana,
pyanamabananas$;
s,$panamabanana,

$,panamabananas,
abananas$panam,
a;mabananas$pan,
a;namabananas$py
a,nanasfpanamab,
a;nas§panamaban,
agsipanamabanan,
byananas$panama,
m,abananas$pana,
nyamabananas$pas
n,anasipanamaba,
nyas$panamabana,
pyanamabananas$y
5y $panamabananag

$,panamabananas,
a;bananas$panam
a,mabananas$pan,
agnamabananas$p,
ajynanas$panamaby
a;nas$panamaban,
agsfpanamabanan,
b;ananas$panama,
myabananas$pana,
nyamabananas$pag
n,anasipanamaba,
ngas$panamabana,
pianamabananas$,
5;$panamabananag

In reality, approximate
pattern matching with
BWT is more complex
(we omitted various
details)

T e




